ACT Research Rep’ort Series 93-10

Some Measurement
Characteristics of Aggregated
Versus Individual Scores

Robert L. Brennan

December 1993

- ACT



Some Measurement Characteristics of

Aggregated Versus Individual Scores

Robert L. Brennan

American College Testing



2

Abstract

Not infrequently, investigators assume that reliability for groups is greater than
reliability for persons, and/or error variance for groups is less than error variance for
persons. Using generalizability theory, it is shown that this "conventional wisdom" is not
necessarily true. Examples are provided from the course evaluation literature and the

performance testing literature.
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Some Measurement Characteristics of
Aggregated Versus Individual Scores
It is often stated that if a test is not reliable enough for making decisions about
individuals, or if error variance for individuals is unacceptably large, then the test should
be used only for making decisions about groups. Implicit in such statements is an
assumption that reliability for groups is necessarily larger than reliability for persons, and
error variance for groups is necessarily smaller than error variance for persons. In this
paper, such statements or assumptions will be called the "conventional wisdom." The
purpose of this paper is to show that this conventional wisdom is not necessarily true, and
to identify specific conditions that lead to contradictions of this conventional wisdom.
These issues are considered in the context of generalizability theory (Cronbach,
Gleser, Nanda, & Rajaratnam, 1972), without a full explication of all the details of the
theory. Readers unfamiliar with generalizability theory can consult Cronbach et al.
(1972), Brennan (1992a), or Shavelson and Webb (1991). Also, many aspects of
reliability (or generalizability) of group means have been treated by Kane and Brennan

(1977). A brief introduction to generalizability theory is provided by Bennan (1992b).

Generalizability Coefficients for Groups
with Two Random Facets

When persons (p) are nested within groups (g) and crossed with items (i), the

design is denoted (p:g) x i, and the linear model is

.= ~ ~ U~~~ 1
Xpizg =B+ g™ T hpy = T =+ = 1 M
The terms to the right of the equality (except |t) are uncorrelated score effects with

expectations of zero, and the “pi g~ term is the interaction effect confounded with other

sources of error. The variances of these score effects are called variance components.
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For this design, if groups are the objects of measurement, then the universe of
generalization consists of the p and i facets. If, in addition, p and i are both random, then
the generalizability coefficient for generalizing over samples of k items and » persons

within each group is
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where O'g] = Ggi/k and Gp]_,g =0 g/k .

It 1s important to note that n in Equation 2 is the number of persons within a group, not

the larger number of persons across all groups.

Assuming that p and i are both random implies that replications of the
measurement procedure would involve different sets of persons and items or,
equivalently, that an investigator wants to generalize to a larger set of persons and items
than those in a particular measurement procedure. This assumption seems especially
sensible for programs such as NAEP, which uses a type of matrix sampling design.

From the perspective of generalizability theory, traditional measurement error is
most closely associated with generalizing over samples of items. It is important to note,
however, that traditional measurement error is not necessarily the only, or even the most
important, source of unreliability for inferences about group means. As noted by Feldt
and Brennan (1989):

The test results for any given year reflect not only the character of the
instructional program but also the character of students enrolled at that
specific moment. These individuals must be regarded as a sample, in a
longitudinal sense, from the population that flows through the district
schools over a period of years. A curricular judgment can be in error if a

particular year's class happens to be unusually strong or weak. Thus, even
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if authorities were privileged to know the true scores of current students,

there could be substantial sampling error in using the results of one class

to infer something about the impact of a program. An estimate of the

reliability of class means must take this into account. (p. 127)
In short, in most circumstances, generalizing over both items and persons seems sensible in
examining the reliability of group means.

Using the notational system introduced above, when persons within a single

randomly selected group are the objects of measurement, the generalizability coefficient

is

) o>

Ept =——B&— 3)
Pg g2 452
pig ™+ Oplg

It is important to note that Equation 3 is for persons within a group, not across groups.

The generalizability coefficient for all persons across groups is

o2+ 2

2 g - Vpg

Ep® = . 4

p 0-2 0-2 0-2
gt Opg T O™ plg

Note that for both of the coefficients in Equations 3 and 4, persons are the objects of
measurement and the universe of generalization involves the items facet, only.

Usually, when comparative statements are made about reliability coefficients for
groups and persons, the intended interpretation of reliability for persons is given by
Equation 4. Therefore, a central focus of this paper is to compare Equation 2 and
Equation 4. In particular, it is of interest to identify conditions under which Ep§ < Eplz) .
One such condition is o‘g2 = (), which is an unlikely occurrence implying that all group
means are equal.

The inequality E pg < Epg is also true when k — oo because in that case Epz =1

and £ pf, = of/(oﬁ + ng g/n) < 1. Consequently, it seems likely that long tests that are
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highly reliable for decisions about persons will be less reliable for decisions about
groups. For example, the following estimated variance components were obtained from
an administration of the ACT Assessment Mathematics test in schools (i.e., groups) in a

particular state:

A A A A
&2 = .0016, &7, = .0329, 6%, = 0009, and &7, , = .1809.
The ACT Mathematics test contains k = 60 multiple choice items, and the average

number of students per school was about n = 145. For these values
A2 _ AV
Epg =.86 < Epp =.92.

Even with such a large value for n, E pg is still less than Eplz) in large part because the
ACT Mathematics test is very reliable for person-level decisions.

Equations 2 and 4 also imply that Ep§ < Epf) is true when n = 1, which suggests
that Epz < Epg is more likely to be true for small values of n than for large values.
However, in general, for 1 < n <eeand 1 < k < e there appears to be no simple, necessary
relationship among the variance components that guarantees that Epz < Epg. Even so,
there are sufficient conditions that do pertain. One such condition is discussed next.

A Sufficient Condition

Note that, for a given value of k, the maximum value of Equation 2 occurs when

n — oo, in which case
2

(Ep§|n—>°°)=-6—2%g?‘—2— . )
g g
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Clearly, if (Epg ln— o)< E pg then Epg < Epg . Therefore, whenever Equation 5 is
smaller than Equation 4, E pg <FE plz’ . Consequently, we will focus on Equations 4 and

5 to obtain a sufficient condition for E pg to be smaller than E pﬁ . Letting

K= 65/02 and (6)
/ plg ° 7

Equation 4 can be written

0'2+03/K
p” 02+o-§/K+ gI/L
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Equation 5 is smaller than Equation 8 when
K L+1 1
E)(z)<

which implies that (KL + K) < (KL + L). This inequality is true whenever K < L.
It follows that, E p§ < Eplz)
whenever

652/ P8 62

plg ’ ®

or equivalently whenever



% . _ % 10)
°§+612>:g O§1+G§I-'g |

Loosely speaking, these results mean that reliability for groups is less than reliability for
persons whenever the proportion of persons' universe score variance attributable to
groups is less than the proportion of persons' error variance attributable to groups. (This
statement is "loose" primarily because it does not explicitly specify that generalization is
over both persons and items from the infinite universe of generalization for both facets.)
The condition in Equation 9 or Equation 10 might hold, for example, if schools (i.e.,
groups) have highly similar universe scores, but at a particular time students in different
schools have been exposed to different subsets of the tested topics.

Since 62, = cgi/k and og,_, .= cfn._, k. the right side of Inequality 10 is invariant

over k . Consequently, this inequality is equivalent to

AN o
°§+G§:g °§i+0§i:g

which is sometimes more convenient to use. In short, E p§ < Epiz, if Inequality 9, 10, or
11 holds. As noted previously, this is a sufficient condition for Epg < Epg -- it is by no
means a necessary condition. That is, Epz can be smaller than Epg even if Inequality
9, 10, or 11 does not hold.
Two Examples

Discussed next are two examples that illustrate circumstances under which
Eﬁ; < Eﬁg . The first example is from the course evaluation literature. It illustrates a
circumstance under which the sufficient condition in Equations 9, 10, or 11 is satisfied.
The second example is from the performance testing literature.

Example 1. Kane, Gillmore, and Crooks (1976) studied the generalizability of
class (i.e., group) means in the context of student evaluations of teaching. One of the

questionnaires they studied was administered in all courses taught in the Physics
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Department at the University of Illinois, Urbana-Champaign. "Fifteen classes that had
twenty or more students were randomly selected, with the restriction that only one section
taught by each instructor was included in the sample (Kane et al., 1976, p. 177)." Thus,
there is a linking of each class with a unique instructor, and generalizations about class
means are effectively generalizations about instructors.

The questionnaire contained a set of & = 8 "attribute” items (e.g., ability to answer
questions) that were analyzed separately from other items. For these items,

Gy =03, & =.17, &,=.05 and & =
Using Equation 11

8 &
03 % =.152.

Bee. -0 0 gl
8 P8 8 P8
Therefore, these data satisfy a sufficient condition for E 6§ <E ﬁz , which means that £ 6§

< Eﬁz for all pairs of values for n and k. For example, if n =20 and k = 8,
E6§ = .65 < Ef)f) = .83

Example 2. Shavelson, Baxter, and Gao (1993) provide an extensive discussion
of the sampling variability of performance assessments in the context of several data sets.
One such data set is from the California Assessment Program (CAP) which conducted a
voluntary statewide science assessment in 1989-1990 with approximately 600 schools.
Students took five performance tasks involving identifying materials that serve as
conductors, classifying leaves, identifying unknown rocks, estimating and measuring
characteristics of water, and discovering reasons why fish were dying. The design
employed by Shavelson et al. (1993) is more complicated than the (p:g) x i design

considered in this paper, but a subset of their results gives








