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Abstract

Large sample standard errors of linear equating for the single-group design are derived
without the normality assumption. Two general methods based on the delta method are
described. One method uses the exact partial derivatives, and the other uses numerical
derivatives. Simulation and real test data are used to evaluate the behavior of the estimated
standard errors. Comparisons with standard errors derived with the normality assymption and
bootstrap method are also conducted. The results indicate that the standard errors derived in this
paper agree with those computed by the bootstrap method and are more accurate than the
standard errors based on the normality assumption, especially in the situation in which the score

distributions are skewed.
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Standard Errors of Linear Equating for the Single-Group Design

In linear equating, scores on one test form are transformed linearly to scores on the scale
of another form. The purpose of linear equating is to adjust for presumably small differences in
test difficulty between the two forms of the same test. The singlé—group design is one of the
basic data collection schemes. In this design, examinees are administered both forms of a test to
be equated. An advantage of this design is that the equéting errors are relatively small
compared to that of spme other designs. However, the order of administering the two forms
may have an influence on the examinees' performance. For example, if familiarity with the test
increases performance, then the form administered last would appear easier than the form
administered first, supposing the two forms are equally difficult. Such an effect is usually
referred to as a practice effect. One way to minimize the practice effect is to adhxinister the two
forms, say, A and B, in a way such that a random half of the examinees take Form A first and
another half of the examinees take Form B first, Thus, the order of administration of the two
forms are counterbalanced. Lord (1950), Angoff (1984), and Petersen, Kolen and Hoover
(1985) have presented descriptions of this design. Holland and Thayer (1990) addressed the
issue of counterbalancing in detail.

Because equating is usually conducted using a sample of examinees drawn from a
population, the results are subject to sampling error. The errors of equating can be quantified
using standard errors. Standard errors of linear equating for the single-group design were
derived by Lord (1950) under the assumption that the two test scores have a normal bivariate
distribution in the population from which the sample is drawn. Because skewed score
distributions are typical in many testing programs (Kolen, 1985), the normality assumption is
seldom met. However, the standard error of equating for the single-group design with less
restrictive assumptions has not been derived. Braun and Holland (1982) derived standard errors
for the random groups design, and Kolen (1985) derived standard errors for the common-item
nonequivalent-groups design, without making the restrictive normality assumption. Their
results suggested that standard errors of linear equating based on the normality assumption

might produce misleading results when score distributions are skewed or more peaked than a



normal distribution. The purpose of this paper is to derive large sample standard errors of linear
equating for the single-group design without making the normality assumption. Two general
methods based on the delta method (Kendall and Stuart, 1977) are described. In one method the
exact derivatives are used and in the other the numerical derivatives are used. Simulation and
real test data are used to evaluate the behavior of the estimated standard errors. A comparison

with standard errors derived with the normality assumption is also conducted.

Large Sample Standard Errors
Kendall and Stuart (1977) described a general method for estimating standard errors of
functions of random variables by means of a Taylor expé.nsion. This method is usually referred
to as the delta method. According to Lord (1950), the linear equating function for equating two

test forms, X and Y, under the single-group design can be written as

o(Y)
o(X)

It is assumed here that the form taken first has no effect on the performance on the form taken

IxInX), 62(X), (Y), 6A(Y)] = [x - LXOT + W(Y) . (D

last. Let 61, 82, 03, and 64 be alternative names for the four parameter (X), 62(X), u(Y), 6X(Y)
in function /, and let their estimates be 61, 62, é3, and @4. Define 7 asan estimate of / that uses
the estimates of the parameters in Equation 1. According to the delta method described by

Kendall and Stuart (1977) the sampling variance of {' can be expressed as follows:
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The term "remainder” in Equation 2 refers to higher order terms in the Taylor expansion that are
small and thus can be ignored.

The standard error of equating SE[? (x)] is the square root of var[? (x)]. To compute
var[f\ (x)], we need to find the four first partial derivatives with respect to each of the four

parameters, the four sampling variances and 12 covariances of the four parameters. These



sampling variances and covariances are listed in Table 1. Because cov(@i,@j) = cov(éj,@i), only
six different covariances are listed. The calculation of the sampling variance of | (x), without
assuming a normal distribution, involves estimating higher order central moments and cross-
product moments. Because the higher order moments are very sensitive to sampling variation, a
large sample size might be required to ensure accurate estimates of standard errors. So if the
sample size is not large enough the standard errors computed from Equation 2 might not be

accurate.

Insert Table 1 about here

The first partial derivatives of / with respect to each of the four parameters in the

equating function are derived as follows:
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Substituting the four partial derivatives into Equation 2, a formula for computing the

sampling variance of linear equating for the single-group design is obtained as follows:
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where Z is the same as defined in Equations 4 and 6, the var's and cov's are defined in Table 1
under the label of "general".

The partial derivatives can also be computed numerically. Lord (1950) used numerical
derivatives in the computation of asymptotic sampling variance. Let 8 denote the entire vector
of values 6;, i=1 to 4. Then the first partial derivatives of function / with respect to 6; can be

approximated by

ol o IxB+8)- KxQ-8)
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where §; is the ith row of the diagonal matrix A, where

and O(h2) is the error of approximation. Because Equation 8 is derived by expanding [(xI0)
at two neighboring points (8 + &;) and (@ - §;) with a second order Taylor's series, the

magnitude of the error is based on the magnitude of the third partial derivative. If the third
partial derivative with respect to 9; is zero, then the first partial derivative with respect to 6;

approximated by Equation 8 is the exact value. For example, approximate 0/ / 003 as
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which is the exact derivative defined by Equation 5. Alternatively, if the function has a nonzero
third partial derivative, then error will be involved in the approximation. The error of
approximation is bounded by C h2j, where C is the maximum absolute value of the third partial
derivative with respect to 8;. Equation 8 suggests that the numerical derivative approaches the
exact derivative as h; approaches zero. But in actual computation, a too small h; cannot be
used, because h; is used as a denominator. If the denominator is too small, the computer
rounding error will become significant. As aresult, the obtained numerical derivative may be
incorrect. In present paper, hj is set to 6; /1000. This value was selected to yield desirable
accuracy. More detailed discussion of numerical derivative with more than one variable can be
found in many advanced calculus textbooks (e.g., Taylor and Mann, 1983).

In the present paper, the delta method is implemented using Equation 7, which uses the
exact derivatives, as well as using Equation 2 with numerical derivatives approximated by
Equation 8. Note that many of the expressions are presented with population parameters. In

actual computation, the sample estimates for the parameters are substituted in the formulas.

B h rmali mpti
If the score distributions of Forms X and Y are assumed to be bivariate normal, then the
sampling covariances cov[i(X),52(X)], cov[lL(X),52(Y)], cov[[i(Y),62(X)] and
cov[ﬁ(Y),%z(Y)] have zero values (Kendall, and Stuart, 1977, p. 85). The variances and
covariances based on the normality assumption are listed in Table 1 under the label of
"Normal". Substitute these variances and covariance and the exact derivatives into Equation 2

to obtain






1) Randomly generate a beta variate using the parameters associated with the desired
distribution. This beta variate, p, represents an examinees proportion-correct true score. An
algorithm described by Cheng (1978) was used to generate the beta variate.

2) Given the proportion-correct true score, P, in step 1, randomly generate two binomial
variates with the number of trial parameter equal to 75. These two binomial variates represent
observed scores on two 75-item Forms, X and Y, respectively. A function called BNLDEV
described in Numerical Recipes (Press, Flannery, Teukolsky & Vetterlin, 1990, p. 218) was
used to generate the binomial variates.

3) Repeat steps 1 and 2 n times, where n represents the sample size used in the
simulation. Thus, a set of n pairs of observed scores for Forms X and Y were obtained.

4) Equate Forms X and Y using the data resulting from step 3. Compute the Y
equivalent of X at the selected X levels, and compute the standard errors using the following
three methods: (a) with the normality assumption; (b) the delta method with numerical
derivatives; and (c) the delta method with exact derivatives.

This process was replicated 500 times. The Form Y equivalents and the three standard
errors at the selected X levels were averaged over the 500 replications. The "true” standard
errors of equating were computed. The "true" standard error of equating for a given score on
Form X was defined here as the standard deviation of Form Y equivalents of that score over the
500 replications. The simulation was conducted using sample size of 100 and 500 examinees.

The descriptive statistics for the simulated observed score distributions are listed in
Table 2. These statistics are the averages computed over the 500 replications. The means for
Form X are slightly higher than those for Form Y. In the nonsymmetric simulations, the score

distributions are negatively skewed.

Insert Table 2 about here

The results of the simulation are summarized in Table 3 at the selected Form X score

levels. The standard errors estimated by the three methods are the average values over the 500





